We present a new model of the lepton sector that uses a family symmetry A 4 to make predictions for lepton mixing which are invariant under any permutation of the three flavours. We show that those predictions broadly agree with the experimental data, leading to a largish sin 2 θ 12 0.34, to |cos δ| 0.7, and to 0.5 − sin 2 θ 23 0.08; cos δ and 0.5 − sin 2 θ 23 are predicted to have identical signs. *
The experimental discovery that the lepton mixing angle θ 13 is nonzero [1] caused a profound change in the subject of flavour models for the lepton mass matrices. Many older models ceased to be valid. New models had to be built; some recent examples utilizing the horizontal symmetry group A 4 are collected in refs. [2, 3] . Many of those models use 'flavons' and nonrenormalizable Lagrangians [2] ; in most remaining models [3] there are Higgs doublets at the Fermi scale placed in triplets of the horizontal symmetry.
1 In this paper we present a model that contains only renormalizable terms and only Higgs doublets which are singlets of A 4 .
For any n × n non-singular matrix M = [M αβ ], one may define a matrix
where no sum over either α or β is implied. It is obvious from its definition that A satisfies
The matrix A is invariant under
where X and Y are diagonal non-singular matrices. For our purposes, M is the (effective) Majorana mass matrix of the three light neutrinos in the weak basis where the charged-lepton mass matrix is diagonal. Therefore, n = 3, the indices α and β are in the range {e, µ, τ }, M and A are symmetric, and X = Y in the transformation (3) . 2 The model in this paper predicts
hence
1 An exception is the Babu-Ma-Valle model [4] , in which the Higgs doublets are A 4 -invariant. That model depends on renormalization to produce realistic neutrino masses and mixings.
2 The matrix A was also used in this context in ref. [5] .
3 Equations (5) may alternatively be stated as
where t is in general a complex number. Moreover, through the imposition of an additional CP symmetry on our model, t may be made to be real. We shall show that the conditions (5) fit the experimental data rather well.
4
Our model has the usual Standard-Model leptonic multiplets α R : (1, −1) and D αL : (2, −1/2).
5 It has, besides, three right-handed neutrinos ν αR : (1, 0) . The scalar sector is composed of three Higgs doublets φ k : (2, 1/2), where k ∈ {1, 2, 3}. Their conjugate doublets areφ k ≡ iτ 2 φ * k : (2, −1/2). In our model there are, besides, three real scalars σ α : (1, 0) .
The model is based on the well-known discrete symmetry group A 4 possessing the irreducible representations
and ω = exp (i2π/3). Assigning the fields to the representations as
3 and
leads to the Yukawa Lagrangian (10) where C is the charge-conjugation matrix in Dirac space. The couplings y 1−7 are dimensionless. There are also bare Majorana mass terms
where m has mass dimension.
When the neutral components of φ 1,2,3 get vacuum expectation values (VEVs) v k = 0 |φ 0 k | 0 , the charged leptons acquire masses given by
The three quantities y k v k must be finetuned in order that m e ≪ m µ ≪ m τ .
6
We assume the VEVs of the three σ α to be equal (see appendix A): 0 |σ e | 0 = 0 |σ µ | 0 = 0 |σ τ | 0 ≡ s. We furthermore assume that s is of the same order of magnitude as m, and that this order of magnitude is very large, viz. it is the seesaw scale. Thus, the subgroup Z 3 of A 4 generated by T is preserved at the high (seesaw) scale and only gets spontaneously broken at the low (Fermi 7 ) scale, when φ 2 and φ 3 acquire VEVs. The neutrino mass matrices M D and M R are defined by
In our model,
where
and m ′ = y 7 s. A seesaw mechanism takes place, whereupon an effective mass matrix for the light neutrinos
is generated. The matrix A is then of the form (6), with
The values of a, b, and c are irrelevant for A. One may, if one wants, furnish our model with an extra CP symmetry,
where x = (t, r) andx = (t, − r). This CP symmetry renders y 1 , y 2 , . . . , y 7 , and m real. The mass m ′ will then be real, because the scalars σ α are Hermitian fields, hence their VEV s is real. Even if the CP symmetry is spontaneously broken by (relatively) complex v 1 , v 2 , and v 3 , the ensuing phases of a, b, and c may be withdrawn from M through appropriate rephasings of the light-neutrino fields. Thus, there exists a restriction of our model in which M is real.
We proceed to fit the predictions of our model, viz. eqs. (5), to the phenomenological data. The neutrino masses are m 1,2,3 . We use the standard parameterization of lepton mixing in ref. [8] , through three mixing angles θ 12 , θ 13 , and θ 23 and one CP -violating phase δ. We have used the following allowed ranges for the various observables:
These ranges simultaneously encompass all the corresponding 3σ ranges furnished by the relevant phenomenological analyses [9, 10, 11] . We stress that, even though the fit presented here uses these quite ample ranges, we have also found that most observables easily fall within their respective 1σ ranges given in, for instance, ref. [9] ; the exception is the mixing angle θ 12 , which is in our model rather large. We have left δ free, even though refs. [9, 11] provide some bounds on it, which are, however, valid only at the 1σ level.
Our first finding is that in our model the phase δ must be close to either 0 or π; 8 if δ ≈ 0 then θ 23 is in the first octant while θ 23 is in the second octant when δ ≈ π.
9 This can be seen in the scatter plot of fig. 1 . Therefrom one gathers that in our model |cos δ| 0.7 (0.8 if the neutrino mass spectrum is inverted) and sin 2 θ 23 − 0.5 0.08. In fig. 2 one sees that our model is unable to predict θ 13 but neatly predicts sin 2 θ 12 0.34. This is a rather large value, which is allowed by the phenomenological data only at the 2σ (or even 3σ) level. It can moreover be seen in fig. 2 (and also in fig. 4 ) that the restricted real version of our model does not have much more predictive power than the general version, even though it has one degree of freedom less.
In the right panel of fig. 2 one observes that the lower bound on θ 12 in our model coincides with the prediction for θ 12 in a model with trimaximal mixing (TM 2 in the nomenclature of ref. [12] ). Trimaximal mixing is defined to be the situation where |U α2 | = 3 −1/2 ∀α ∈ {e, µ, τ }. A model with TM 2 has been suggested a few years ago [13] . In TM 2 |U e2 | 2 = sin 2 θ 12 cos 2 θ 13 = 1/3 and therefore sin 2 θ 12 ≈ 0.34, which is a bit large but has not deterred several authors-see for instance ref. [14] -from having recently suggested models and Ansätze featuring TM 2 . Note that TM 2 , just as our model, is 8 The predictions of our model are symmetric under µ ↔ τ . In the parameterization of the lepton mixing matrix that we use, the µ ↔ τ interchange corresponds to cos δ → − cos δ and sin 2 θ 23 → 0.5 − sin 2 θ 23 . This symmetry is easily observable in figs. 1 and 3 and in the left panel of fig. 4 .
9 This contradicts the phenomenological findings (at the 1σ level) of ref. [9] , according to which θ 23 lies in the first octant and δ is close to π. However, those findings are not in agreement with the ones of refs. [10, 11] . 
Therefore, in TM 2 , just as in our model, δ is in the first (or fourth) quadrant when θ 23 is in the first octant, and δ is in the second (or third) quadrant when θ 23 is in the second octant. Moreover, in TM 2 θ 23 becomes closer to π/4 when |cos δ| becomes smaller. Figure 3 shows that, if we want a lower θ 12 in our model, then we must accept |cos δ| to be ever closer to 1, i.e. a more stringent phenomenological upper bound on sin 2 θ 12 translates in our model into a more stringent lower bound on |cos δ|.
In fig. 4 one sees that our model's bound on θ 23 depends only faintly on θ 13 . One also sees that our model's lower bound on 0.5 − sin 2 θ 23 coincides with the prediction of TM 2 for 0.5 − sin 2 θ 23 when |cos δ| is maximal. Figure 5 shows the scale of the neutrino masses in our model. . The crosses (blue (black) for a normal neutrino mass spectrum, green (light grey) for an inverted spectrum) indicate the phenomenological best-fit points of ref. [9] .
We next speculate on possible experimental indications for (or against) our model. As is clear in the first three lines of eq. (10), in our model the Yukawa couplings of the neutral scalars to the charged leptons conserve flavour. Therefore, flavour-changing neutral Yukawa interactions only arise at loop level and are suppressed by a loop factor (16π 2 ) −1 and by two additional Yukawa couplings. One may, moreover, show [16] that the (loop induced) flavour changing neutral couplings of the charged leptons to the photon and to the Z 0 are suppressed by inverse powers of the seesaw scale and are therefore, in general, unobservably small. Therefore, no decays like µ → eγ or Z 0 → e + µ − are expected, but decays like h → τ + µ − might be observable at the LHC (h is the observed scalar particle with mass 125 GeV). When extending our model to the quark sector, one may either add to it further Higgs doublets or-a more economic possibility-make the quarks have Yukawa couplings to any one of the Higgs doublets φ 1 , φ 2 , or φ 3 (or else the up-type quarks may couple to one of them and the down-type quarks to another one). The fact that our Higgs doublets are singlets of the flavour group allows for this inviting possibility. Depending on the specific Yukawa couplings used, the signatures of the model at the LHC will vary. It is worth pointing out that, in any multi-Higgs-doublet model (MHDM), a physical scalar couples to Z 0 Z 0 with a coupling at most as strong as the one of (21), predicted by TM 2 [13] , when cos δ = ±1 (full lines), cos δ = ±0.9 (dashed lines), and cos δ = ±0.8 (dotted lines). The crosses indicate the phenomenological best-fit points of ref. [9] . Figure 5: Ranges of allowed masses of the neutrinos in our model. The left scatter plot shows the neutrino mass relevant for neutrinoless double beta decay as a function of cos δ; the right plot correlates that quantity with the sum of the three light neutrino masses. We have imposed the cut m 1 + m 2 + m 3 ≤ 1 eV on the sum of the neutrino masses.
the Higgs particle of the Standard Model (SM) [17] . This naively suggests that the observed decay h → Z 0 Z 0 could be used to strongly constrain the parameter space of a MHDM, but this is not the case. Indeed, in a MHDM the couplings of any particular scalar to the top and bottom quarks might be either (much) stronger or (much) weaker than in the SM, and therefore in a MHDM both the production cross section and the total decay width of h will in general be at variance with those expected in the SM.
To summarize, we have presented in this paper a seesaw model featuring a simple application of the A 4 symmetry and which makes the predictions (5) for lepton mixing. We have shown that our model is compatible with experiment provided θ 12 is in the upper part of its allowed range. Our model predicts non-maximal θ 23 and also makes the prediction that |cos δ| is very close to 1. 
We have neglected terms which include both the σ α and the φ k since the VEVs of the φ k should be much smaller than the VEVs of the σ α and therefore those terms should have a negligible influence on the equations which determine the VEVs of the σ α . One may parameterize the VEVs of the σ α as 0 |σ e | 0 = U cos ϑ, 0 |σ µ | 0 = U sin ϑ cos ϕ, 0 |σ τ | 0 = U sin ϑ sin ϕ, There is a range ofm and λ 2 for which the minimum of V σ0 occurs when sin 2ϕ is at the boundary of its range, viz. when sin 2ϕ = 1. There, 
Within a range ofm and λ 2 the minimum of V σ0 occurs when cos 2 ϑ = 1/3 and, indeed, cos ϑ = 1 √ 3 . In this way one obtains 0 |σ e | 0 = 0 |σ µ | 0 = 0 |σ τ | 0 = U √ 3 as desired.
